We propose a recursive algorithm to fractionally difference time series data. The algorithm eliminates the need to evaluate the gamma function directly, and hence avoids the overflow problem that arises when fractionally differencing a long data series. The proposed algorithm can be implemented using any general matrix programming language. An implementation using SAS is presented. The algorithm and the code provide a practical approach to including fractional differencing as part of a time series data analysis.
Introduction
The process of differencing is widely used in time series data analysis. First differencing is often adequate to deal with nonstationary data for an ARIMA model. A useful generalization of integer differencing is fractional differencing. The resulting FARIMA models, or fractional ARIMA models, are often used for time series exhibiting long-range dependence (Beran (1994) ; Geweke and Porter-Hudak (1983); Granger and Joyeux (1980) ; Mandelbrot and Van Ness (1968) ). Longrange dependent series have hyperbolically decaying autocorrelation functions, unlike the exponential decay found in autocorrelation functions for time series modeled by ARIMA. His academic interests include investments, international finance, and corporate finance.
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Algorithms to do fractional differencing can be used in simulating FARIMA data, in fractionally differencing an empirical time series to obtain a series suitable for ARIMA modeling, and in testing for white noise of residuals after fitting a FARIMA model. Because long-range dependence is found in financial time series and in some geophysical time series, practical algorithms to accomplish fractional differencing are needed.
Statistical packages are beginning to incorporate modules to do fractional differencing. However, some of these modules are limited to very small data sets. For example, the SAS function FDIF can only handle approximately 171 observations (SAS release 8.2 Proc IML; SAS Institute, Inc. 2001). This limit is apparently due to use of the gamma function. Our proposed algorithm uses a recursive approach to eliminate the need to compute gamma directly. Thus it provides a practical way to fractionally difference a time series of much more than 171 observations. As discussed in the results section, we have tested this procedure for a time series as large as 10,000 observations. The algorithm that we describe could be implemented in any general matrix programming language. We provide an implementation using the matrix language SAS IML (SAS Institute, Inc. 1990 ).
Method
Let y t be obtained by taking the d th difference of a time series ;0,1,,1
where B is the backshift operator defined by
If d=2 , then y t is the second difference:
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We could also obtain this second difference by expanding
and applying the resulting second degree polynomial in B to x t . d in a Taylor series (see Kaplan, 1984, p431) :
where the numerator in the above expression has j factors except when j=0 where it is unity. Now by multiplying each factor in the numerator by -1 we change the sign of each:
Next, multiplying by
and reversing the order of the factors in the product we obtain:
Finally, by repeatedly using the recurrence property of the gamma function: ()(1)(1) xxx Γ=−Γ− we can re-express the numerator as () jd Γ− . Thus, we obtain
, which is a commonly used representation for the fractional differencing operator (Jensen, 1999) .
To implement a fractional differencing algorithm it necessary to compute the coefficients in the above series:
Because these coefficients are used to multiply observations in the time series, this infinite sequence of coefficients can be truncated to the length of the data series. A problem arises when calculating these coefficients because for large values of j the numerator and denominator become very large and exceed the computational capacity of the computer. For example, the gamma function evaluated at 171 is approximately 7.257E306. Our approach uses the recursive property of the gamma function, ()(1)(1) xxx Γ=−Γ−, to obtain a recursive property for the j C as follows: Using our approach we have been able to fractionally difference long data series. In the results section we give an example using a series of 10,000 observations.
Results
In the first example, we fractionally difference a small integer data series using d=.5, then fractionally difference the result again using d=.5. For this example, fractional differencing was done in two ways: first using the SAS function FDIF (SAS release 8.2 Proc IML); then using the code described above.
One reason for performing this test was to confirm that both approaches to fractional differencing produce the same result for a small time series. A second reason was to check that the d values are additive: fractional differencing twice with d=.5 is the same as first differencing.
The data series and the two fractionally differenced series are presented in Table 1 . The column labeled XT is the integer data series. YJ is the fractional difference of XT using 'Call FDIF' with d=.5. ZJ is the fractional difference of YJ using Call FDIF with d=.5. Next, YT is the fractional difference of XT using our recursive procedure with d=.5. Finally, ZT is the fractional difference of YT using the procedure with d=.5. Clearly, YT = YJ and ZT = ZJ , showing that the two procedures produce the same results for this small data series. Also, the reader can check that ZT and ZJ are the same as would be obtained by doing first differencing. The program that produced all four series appears in Appendix II.
In the second example we use our recursive method to fractionally difference a random series of 10,000 observations. Note that the method using the SAS FDIF function will not run on a time series that is longer than approximately 171 observations (using a Pentium IV, running at 1.7 GHz) and therefore was not included in this example. The SAS LOG in Appendix III shows that the program using our method successfully ran. Thus this method provides a practical way to fractionally difference long time series. Implementing this algorithm in SAS provides a convenient way to include fractional differencing as part of a complete analysis of a long memory time series.
Conclusion
FARIMA models are commonly used to model long range dependent time series. In such cases, fractional differencing is often a useful part of the analysis. The practical way to fractionally difference a long time series is to use an algorithm that avoids calculating gamma(n) directly. (Although not discussed in the results section, we also ran our program on a series of 100,000 observations using 5 minutes of CPU time). Our implementation in SAS is a convenient way to incorporate fractional differencing into time series data analysis. Appendix I -SAS Program FRACDIFF.SAS *******************************; * fracdiff.sas *; * *; *******************************; * create random data for fractional differencing algorithm *; data one ; * for n=171 both methods of fractional differencing work *; * for n=172 call to fdif fails, but convolution works *; do i=1 to 10000; Appendix II -SAS Program TESTPROG4.SAS *****************; * testprog4.sas *; * *; *****************; data one ; * for n=171 both methods of fractional differencing work *; * for n=172 call to fdif fails, but convolution works *; do i=1 to 20; x=int(rand('uniform')*1000); 
